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J£ ■ Abstract 

. The Boltzmann-Langevin equation is used to relate the shot-noise power of 

a mesoscopic conductor to classical transmission probabilities at the Fermi 
level. This semiclassical theory is applied to tunneling through n barriers 
in series. For n — ► oo the shot noise approaches one third of the Poisson 
noise, independent of the transparency of the barriers. This confirms that the 
■^j- ■ one-third suppression known to occur in diffusive conductors does not require 

, phase coherence. 
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The discreteness of the electron charge causes time-dependent fluctuations in the elec- 
trical current, known as shot noise. These fluctuations are characterized by a white noise 
spectrum and persist down to zero temperature. The shot-noise power P contains informa- 
tion on the conduction process which is not given by the resistance. A well-known example 
is a vacuum diode, where P = 2e\I\ = -Ppoisson, with / the average current. This tells us 
that the electrons traverse the conductor in completely uncorrelated fashion, as in a Poisson 
process. In macroscopic samples the shot noise is averaged out to zero by inelastic scattering. 

In the last few years, the shot noise has been investigated in mesoscopic conductors, 
smaller than the inelastic scattering length. Theoretical analysis shows that the shot noise 
can be suppressed below Pp isson, due to correlations in the electron transmission imposed 
by the Pauli principle. 0~i Most intriguingly, it has been found that P = |Pp isson in a 
metallic, diffusive conductor .Hl2l The factor one third is universal in the sense that it is 
independent of the material, sample size, or degree of disorder, as long as the length L of 
the conductor is greater than the mean free path £ and shorter than the localization length. 
An observation of suppressed shot noise in a diffusive conductor has been reported£!l In 
a quantum-mechanical description^ the suppression follows from the bimodal distribution 
of transmission eigenvalues .0 Surprisingly, NagaevB finds the same one-third suppression 
from a semiclassical approach, in which the Pauli principle is accounted for, but the motion 
of electrons is treated classically. This implies that phase coherence is not essential for 
the suppression, but the relationship between the quantum-mechanical and semiclassical 
theories remains unclear. 

In this paper we reinvestigate the semiclassical approach and present a detailed compari- 
son with quantum-mechanical calculations in the literature. We use the Boltzmann-Langevin 
equation,0'0 which is a semiclassical kinetic equation for non-equilibrium fluctuations. This 
equation has previously been applied to shot noise by Kulik and Omel'yanchukEl for a bal- 
listic point contact, and by Nagae vl for a diffusive conductor. Below we will demonstrate 
how the Boltzmann-Langevin equation can be applied to an arbitrary mesoscopic conductor. 
Our analysis corrects a previous paper.0 To be specific, we consider tunneling through n 
planar barriers in series (tunnel probability T). This model is sufficiently simple that it 
allows us to obtain a closed expression for P and sufficiently general that we can compare 
with all results in the literature from the quantum-mechanical approach. For n = 2 and 
r < 1 we recover the results for a double-barrier junction of Refs. |H] and [T^. In the limit 
n — > oo the shot-noise power approaches |Pp i SS on independent of T. By taking the contin- 
uum limit, n — > oo, r — > 1, at fixed n(l — V), we can study the shot noise in a diffusive 
conductor and the crossover to ballistic transport. We find exact agreement with a previ- 
ous quantum-mechanical evaluation,! in the limit of a conductance 3> e 2 /h. It has been 
emphasized by Landauerjl! that Coulomb interactions may induce a further reduction of P. 
Here we follow the quantum-mechanical treatments in assuming non-interacting electrons, 
leaving interaction effects for future work. 

Let us begin by briefly reviewing the quantum-mechanical approach. The zero- 



where Pq = 2e\V\Go, with V the applied voltage and Go = e 2 /h the conductance quantum 
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(we assume spinless electrons for simplicity of notation), T n e [0, 1] an eigenvalue of tt}, and 
N the number of transverse modes at the Fermi energy Ep. The conductance is given by 
the Landauer formula 

G = G T!r£*t = G El 1 T n . (2) 

One finds P = 2e\V\G = Pp i SS on for a conductor where all T n C 1 (such as a high tunnel 
barrier). However, if some T n are near 1 (open channels), then the shot noise is reduced below 
-Ppoisson- I n a phase-coherent metallic, diffusive conductor the T n are either exponentially 
small or of order unityJi3 This bimodal distribution gives rise to the one-third suppression 
of the shot noise Jl 

We now formulate the semiclassical kinetic theory.ffl We consider a <i-dimensional con- 
ductor connected by ideal leads to two electron reservoirs. The fluctuating distribution 
function /(r, k, t) equals (27r) d times the density of electrons with position r, and wave vec- 
tor k, at time t. (The factor (2ii) d is introduced so that / is the occupation number of a 
unit cell in phase space.) The average over time-dependent fluctuations (/) = / obeys the 
Boltzmann equation 

(d/dt + S) /(r, k, t) = , (3a) 
d d d d . . 

dt = di + V -d-r +:F -hdk- (3b) 

The derivative ( |3b| ) (with v = Kk/m) describes the classical motion in the force field ^"(r). 
The term Sf accounts for the stochastic effects of scattering. Only elastic scattering is taken 
into account and electron-electron scattering is disregarded. We consider the stationary 
situation where / is independent of t. The time- dependent fluctuations Sf = f — f satisfy 
the Boltzmann-Langevin equationlll0 

(d/dt + S)Sf(r,k,t)=j(r,k,t), (4) 

where j is a fluctuating source term. In the Boltzmann equation (Q) scattering occurs into 
all wave vectors k with some probability distribution. Eq. (f|) takes into account that each 
electron is scattered into only one particular k. This implies that the flux j is positive for 
that k and negative for the others. The flux j has zero average, (j) = 0, and covariance 

(j(r, k, t)j(v', k', 0> = (2n) d 6(r - r')S(t - t')J(r, k, k') . (5) 

The delta functions ensure that fluxes are only correlated if they are induced by the same 
scattering process. The correlator J depends on the type of scattering and on /, but not on 
5f. The J for impurity scattering is given in Ref. [13, and for barrier scattering it is given 
below. 

We evaluate the fluctuating current SI(t) = I(t) — I through cross-section S r in the right 
lead, 

H(t) = J s dy J dk v x Sf(r, k, t) . (6) 

Here r = (x, y), with the x-coordinate along and y perpendicular to the lead. The zero- 
frequency noise power is given by 



3 



oo 



P = 2 dt(6I(t)6I(0)) . (7) 

J — oo 

The formal solution of Eq. (^) is 

<J/(r,k,t) = / dt' fdr' fdk' 

£(r,k;^k^-tOjV,k\t'), (8) 

where the Green's function Q is a solution of 

(d/dt + S) G(r, k; r', k'; t) = 5{r - r')5(k - k')5{t) , (9) 

such that Q = if t < 0. The transmission probability T(r, k) is the probability that an 
electron at (r, k) leaves the wire through the right lead. It is related to Q by 

/•oo r r 

T(r, k) = ^ dt J s dy' J dk! v' x 0(r', k'; r, k; t) . (10) 
Eqs. (13) -([10) yield for the noise power the expression 

P= /rfr/rfk|rfk'T(r,k)T(r,k)J(r,k,k). (11) 

Eq. (|ll|) applies generally to any conductor in which only elastic scattering occurs. We 
now specialize to the case that the scattering is due to n planar tunnel barriers, perpendicular 
to the x-direction (see inset of Fig. |I|). Barrier % has tunnel probability Tj G [0, 1], which 
for simplicity is assumed to be k and y- independent. Upon transmission k is conserved, 
whereas upon reflection k — > k = (— k x ,k. y ). In what follows we drop the (irrelevant) 
transverse coordinate y. At barrier i (at x = Xi) the average densities / on the left side 
(xj_) and on the right side (x« + ) are related by 

f( Xi+ , k) = rj(x^, k) + (i - r 4 )/(x l+ , k) , (12) 



for k x > 0. The relation for k x < is Eq. ( |T2"| ) with Xj_ and Xi + interchanged. To determine 
the correlator J in Eq. (j5|) we argue in a similar way as in Ref. |5|. Consider an incoming 
state from the left (xj_, k) and from the right (xj+, k) (we assume k x > 0). If both incoming 
states are either filled or empty, there will be no fluctuations in the outgoing states, hence 
j = 0. Let us therefore consider the case that the incoming state from the left is filled and 
that from the right is empty, which occurs with probability /(xj_, k)[l — f(x i+ , k)]. On the 
average, the outgoing states at the left and right have occupation 1 — Tj and Tj, respectively. 
However, since the incoming electron is either transmitted or reflected, the instantaneous 
occupation of the outgoing states differs from the average occupation. Upon transmission, 
the state at the right (left) has an excess (deficit) occupation of 1 — IV Transmission 
occurs with probability Tj, so the contribution to J(x, k, k') from a transmitted electron is 
Tj(l — Fj) 2 [5(k — k') — 5(k — k)]<5(x — Xj)|f x |. Similarly, a reflected electron contributes 
(1 — rj)rf [<5(k — k) — 5(k — k)]<5(x — Collecting results, we find for k x > 
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J(x, k, k') = ZtAx - x % ) r,(l - Ti) \v x \[5(k - k') - 5(k - k') ] x 

k)[ 1 - k) ] + k)[l - k) ]} . (13) 

For fcj; < 0, Eq. (|13"D holds upon interchanging Xj_ and 

The average distribution function / inside the conductor depends on the equilibrium 
distributions fi and f r in the left and right reservoirs, according to 

f(x, k) = T(x, -k)/ r (e) + [1 - T(x, -k)]/,(e) , (14) 

where e is the electron energy and T(x, — k) equals the probability that an electron at 
(x, k) has arrived there from the right reservoir. At zero temperature one has fi{e) = 
Q(Ep + eV — e), f r (s) = Q(Ep — e), with the unit step-function. Substitution of Eqs. 
( pf ) and ( |I~4"D into Eq. (|TTD and linearization in V yields 



P = P NJ^ =1 T t (l-T i ) x 

(2T - 7T) 2 (2r + IT - 27nT) , (15) 

where TP = T(xi + ,k x > 0) [Tp = T(xi-,k x < 0)] is the transmission probability into 
the right reservoir of an electron moving away from the right [left] side of barrier i. The 
conductance is given simply by 

G = G NT , (16) 

where To = T(x\-,k x > 0) is the transmission probability through the whole conductor. 
Comparing Eqs. (0) and (|16|) we note that J2T n corresponds semiclassically to NT . Com- 
parison of Eqs. (P and (|15D shows that the semiclassical correspondence to E)„T n (l — T n ) 
is much more complicated, as it involves the transmission probabilities T[*,T?~ at all scat- 
terers inside the conductor (and not just the transmission probability To through the whole 
conductor) . 

As a first application of Eq. ([T5|) we calculate the shot noise for a single tunnel barrier. 
Using T = T, Tf = 0, Tf = 1, we find the expected resultJlHl P = P NT(1 - T) = 
(1 — r)Pp oisson . The double-barrier case (n = 2) is less trivial. Experiments by Li et a/.,l§ 
showed full Poisson noise for asymmetric structures (I\ ^) and a suppression by one 
half for the symmetric case (I\ ~ 1^). This effect has been explained by Chen and Ting,0 
by Hershfield et a/., El and by others.0 These theories assume resonant tunneling in the 
regime that the applied voltage V is much greater than the width of the resonance. This 
requires r^Ta 1. The present semiclassical approach makes no reference to transmission 
resonances and is valid for all Ti,r2. For the double-barrier system one has To = ITi^/A, 
T{~ = 0, T{* = r 2 /A, Tf = (1 - ri)r 2 /A, and Tf = 1, with A = T 1 + T 2 - TiT 2 - From 
Eqs. dl§) and (|T§ it follows that 

p _ r;(i-r 2 ) + rl(i-r 1 ) 

fT i -p r r « Poisson • \ LI ) 

[L i + 1 2 — 1 ll 1) 



In the limit T 2 <S 1 Eq. fllT| ) coincides precisely with the results of Refs. and [H| 

The shot-noise suppression of one half for a symmetric double-barrier junction has the 
same origin as the one-third suppression for a diffusive conductor. In our semiclassical 
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model, this is evident from the fact that a diffusive conductor is the continuum limit of a 
series of tunnel barriers. We demonstrate this below. Quantum-mechanically, the common 
origin is the bimodal distribution p(T) = (J2 n — T n )) of transmission eigenvalues, which 
for a double-barrier junction is given byH 

P(T) = . NTlT2 , (18) 

titJay 1 y 2 t- (AT + T 1 T 2 ) 2 



for T G [T_, T + ], with T± = T 1 T 2 / (1 =F vl — A) 2 . For a symmetric junction (Fi = T 2 1), 
the density flT8f) is strongly peaked near T = and T = 1, leading to a suppression of shot 
noise, just as in the case of a diffusive conductor. In fact, one can verify that the average of 
Eqs. (|I|) and (fj) with the bimodal distribution ([TJ) gives precisely the result ( |17D from the 
Boltzmann-Langevin equation. 

We now consider n barriers with equal T. We find To = T/A, Tf* = [T + i(l — T)]/A, 
and Tf = (i- 1)(1 - T)/A, with A = T + n(l - T). Substitution into Eqs. QT5|) and (|T§ 
yields 

i/ n(i-r)'(2 + r)-r» \ 
p - 3 ^ + [r + n(i-r)]3 J Ppoisson ' (19) 

The shot-noise suppression for a low barrier (r = 0.9) and for a high barrier (r = 0.1) is 
plotted against n in Fig. [l|a. For T = 0.1 we observe almost full shot noise if n — 1, one-half 
suppression if n = 2, and on increasing n the suppression rapidly reaches one third. For 
T = 0.9 we observe that -P/-Pp isson increases from almost zero to one third. It is clear from 
Eq. ( |19D that P — > |Pp isson for n — > oo independent of T. 

Finally, we make the connection with elastic impurity scattering in a disordered wire. 
Here, the scattering occurs throughout the whole wire instead of at a discrete number of 
barriers. We have previously carried out a quantum-mechanical study of the shot noise 
in such a wire,! on the basis of the Dorokhov-Mello-Pereyra-Kumar equation.il For the 
semiclassical evaluation we take the limit n — >• oo and r — > 1, such that n(l — T) = Ljl. 
From Eq. fllEp one then obtains the conductance G = GqN(1 + L/i)' 1 . For the shot-noise 
power we find from Eq. (|19|), 



p = i 



l-(l + L/£)-' P Poisson . (20) 



This is precisely the result of Ref. |8| for a metallic wire (N£/L ^> 1). Eq. (|20| ) is plotted 
in Fig. 0b and describes how the shot noise crosses over from complete suppression in the 
ballistic regime to one third of the Poisson noise in the diffusive regime. The diffusive limit 
confirms Nagaev's calculation.0 Quantum corrections (of order P ) to the shot-noise power 
due to weak localization! cannot be obtained within our semiclassical approach. 

In summary, we have presented a general framework to derive the shot noise from the 
semiclassical Boltzmann-Langevin equation, and applied this to the case of conduction 
through a sequence of tunnel barriers. We obtain a sub-Poissonian shot-noise power, in 
complete agreement with quantum-mechanical calculations in the literature. This estab- 
lishes that phase coherence is not required for the occurrence of suppressed shot noise in 
mesoscopic conductors. 

This research was supported by the Dutch Science Foundation NWO/FOM. 
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FIGURES 



FIG. 1. (a) The shot-noise power P for n tunnel barriers in series with transmission probability 
r = 0.1 (dots) and T = 0.9 (circles), computed from Eq. dl9|). The dashed line is the large- n limit 
P = jr-Ppoisson- The inset shows schematically the geometry considered, (b) The shot-noise power 
P of a disordered wire as a function of the ratio of length L to mean free path i, according to Eq. 




